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GLOBAL BEHAVIOR OF THE DIFFERENCE 
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Abstract— The main objective of this paper is to study the qualitative behavior for a class of nonlinear rational difference equation. We 
study the local stability, periodicity, Oscillation, boundedness, and the global stability for the positive solutions of equation. Examples 
illustrate the importance of the results 
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1 INTRODUCTION    
In this paper we deal with some properties of the solutions of the 
difference equation  
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Where  the initial conditions  01,...,, xxx jj +−−   are arbitrary posi-

tive real numbers where  ( )12 += kj  . There is a class of nonlin-
ear difference equations, known as the rational difference equations, 
each of which consists of the ratio of two polynomials in the se-
quence terms in the same from. There has been a lot of work con-
cerning the global asymptotic of solutions of rational difference 
equations [1], [3], [4]. [5], [7], [8] and [10]. 
Let I be an interval of real numbers and let 

,: 1 IIF j →+  
where  F   is a continuous function. Consider the difference equa-
tion  

( ) ,...,2,1,0  ,,...,, 11 == −−+ nxxxFx jnnnn                      (1.2) 

With the initial condition  .,...,, 01 Ixxx jj ∈+−−   
 Definition 1. [2] (Equilibrium Point) 

A point  Ix∈   is called an equilibrium point of Eq. (2r) if 

( ).,...,, xxxfx =  

That is,  xxn =   for  ,0≥n   is a solution of Eq. (2r), or equiva-

lently,  x   is a fixed point of    
 Definition 2. [6]  (Stability)  

Let  ),0( ∞∈x   be an equilibrium point of Eq. (1.2) Then 

i. An equilibrium point  x   of Eq. (1.2) is called locally stable if 
for every  0>ε   there exists  0>δ   such that, if  

),0(,...,, 01 ∞∈+−− xxx jj   with  

,... 01 δ<−++−+− +−− xxxxxx jj   then 

ε<− xxn   for all  jn −≥  . 

ii. An equilibrium point    of Eq. (1.2) is called locally asymptot-

ically stable if  x   is locally stable and there exists    

such that, if    with  

  then  

.lim xxnn
=

∞−
 

iii. An equilibrium point  x   of Eq. (1.2) is called a global attractor 
if for every  ),0(,...,, 01 ∞∈+−− xxx jj   we have   

.lim xxnn
=

∞→
 

iv. An equilibrium point  x   of Eq. (1.2) is called globally asymp-

totically stable if  x   is locally stable and a global attractor. 

v. An equilibrium point  x   of Eq. (1.2) is called unstable if  x   is 
not locally stable. 
 

 Definition 3.  [11] (Permanence)  
Eq. (1.2) is called permanent if there exists numbers  m   and  M   
with  ∞<<< Mm0   such that for any initial conditions  

),0(,...,, 01 ∞∈+−− xxx jj   there exists a positive integer  N   
which depends on the initial conditions such that 

. allfor NnMxm n ≥≤≤  
 
 Definition 4. [9]  (Periodicity)  

A sequence  { }∞ −= jnnx   is said to be periodic with period    if  

npn xx =+     for all  .rn −≥   A sequence  { }∞ −= jnnx   is said to 

be periodic with prime period  p   if  p   is the smallest positive 
integer having this property. 

The linearized equation of Eq. (1.2) about the equilibrium point  x   
is defined by the equation 
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The characteristic equation associated with Eq. (1.3) is 
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 Theorem 1.1 [2]. Assume that    is a  1C      function and let  

x   be an equilibrium point of Eq. (1.2). Then the following state-
ments are true: 

i. If all roots of Eq. (1.4) lie in the open unit disk  1<λ  , then 

he equilibrium point  x   is locally asymptotically stable. 
ii. If at least one root of Eq. (1.4) has absolute value greater than 

one, then the equilibrium point  x   is unstable. 
iii. If all roots of Eq. (1.4) have absolute value greater than one, 

then the equilibrium point  x   is a source. 
 

 Theorem 1.2 [6] Assume that  .,...,2,1,, joiRpi =∈   Then 
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is a sufficient condition for the asymptoticcally stable of Eq. (1.5) 
.,...1,0 ,0...110 ==+++ −++ nypypyp njjnjn       (1.5) 

 

2 LOCAL STABILITY OF THE EQUILIBRIUM POINT 
In this section we investigate the local stability character of the solu-
tions of Eq. (1.1). has a unique nonzero equilibrium point 
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Let  ( ) ( )∞→∞ + ,0,0: 12kf   be a function defined by 
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Then the linearized equation of Eq. (1.1) about  x   is 
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 Theorem 2.1 Assume that 

.aB <  
Than the equilibrium point of Eq. (1.1) is locally stable. 
 Proof It is follows by Theorem 1.2 that, Eq. (2.2) is locally stable if 

.1... 1210 <+++ +kppp  
That is 

.1...1100 <
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then 

,2 BaB +<  
thus 

.aB <  
Hence, the proof is completed. 
 
 Example 2.1 Fig. 1, shows that Eq. (1.1) has Local stable solutions 

if  ,4=a    ,10 =b    ,5.01 =b    ,3.02 =b    .8.5=x   
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3 PERIODIC SOLUTIONS 
In this part of the research we are studying the possibility of the ex-
istence of periodic solutions to the Eq. (1.1). 
 
 Theorem 3.1 The Eq. (1.1) has no prime period-two solutions. 
 Proof Suppose that there exists a prime period-two solution 

,...,,,,,,..., qpqpqp  

If  ,... 22 qxxx knnn ==== −−    

( ) pxxx knnn ==== +−−+ 1211 ...   

,Bpqpq +=α                        (3.1) 
also, 

.Bqppq += α                         (3.2) 
By (3.1) and (3.2), we have 

( )( ) qpBaqp =⇒=+−           0  
Hence, the proof is completed. 
 

4 OSCILLATORY SOLUTION 
 Theorem 4.1 Eq. (1.1) has an oscillatory solution. 
 Proof  ( )First   assume that, 
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 ( )Secandiy   assume that, 

( ) ( ) ,,...,,      ,...,, 022213212 xxxxandxxxx kkkk >< +−−−+−+−  
then, so 
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So, we have 
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One cam proceed in prove manger to show that  xx <3   and  

xx >4   and soon. Hence, the proof is completed. 
 
 Example 4.1 Fig. 2, shows that Eq. (1.1) has 0scilatory solution if  

,2=a    ,10 =b    ,05.01 =b    ,1.12 =b    .15.4=x  . 

( )1 Table see   
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5 BOUNDEDNESS 
 

Our aim in this section we investigate the boundedness of the posi-
tive solutions of Eq. (1.1). 
 
 Theorem 5.1  Let  { }nx   be a solution of Eq. (1.1). Then the fol-
lowing statements are true: 
1) Suppose  1<B   and for some  ,0≥N   the initial condition 

[ ],1,,,..., 11 Bxxx NNkN ∈−+−  
then we have 

. allfor ,12 NnaxBa n ≥+≤≤+  

2) Suppose  1>B   and for some  ,0≥N   the initial condition 

[ ],,1,,..., 11 Bxxx NNkN ∈−+−  
then 

. allfor  ,1 2 NnBaxa n ≥+≤≤+  
 

 Proof  ( )First   For some  ,0≥N    1<B   and we have 
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so, 
.12 +≤≤+ axBa n  

Similarly, we can prove other cases which is omitted here for con-
venience. Hence, the proof is completed. 
 

6 GLOBAL STABILITY 
Our aim in this section we investigate the global stability of Eq. 
(1.1). 
 Theorem 6.1 If  1≠a   and  kcG 2<   then the equilibrium point  

x   of Eq.(1r) is global attractor. 

 Proof Let    is increasing in  12 +mu   and decreasing in  .2mu   

Suppose that  ( )Mm,   is a solution of the system 

( ) ( ).,...,,,,   and   ,...,,,, MMmMmfMmmMmMfm ==
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We conclude from the above, 
,BmaMmM +=  

and 
.BMammM +=  

Subtract (6.1) from (6.2) deduce, 
( )( ) .0=−+ MmBa  

Since  0≠+ Ba   then 
mM =  

Hence, the proof is completed. 
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